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We consider the low-energy scattering of two ultracold polarized dipoles with both a short-
range interaction (SRI) and a weak dipole-dipole interaction (DDI) which is far away from shape-
resonances. In previous analytical studies, the scattering amplitude in this system was often calcu-
lated via the first-order Born approximation (FBA). Our results show that significant derivations
from this approximation can arise in some cases. In these cases, the SRI can significantly modify
the inter-dipole scattering amplitudes even if the scattering amplitudes for the SRI alone are much
smaller than the dipolar length of the DDI. We further obtain approximate analytical expressions
for these inter-dipole scattering amplitudes.
I. INTRODUCTION
During the past decade, fast progresses have been
made in the experimental study of complicated magnetic
atoms [1–12] and polar molecules [13–15]. In an ultrcold
gas of these atoms or molecules, the interactions between
particles include both a long-range dipole-dipole inter-
action (DDI) and a short-range interaction (SRI) (e.g.,
van der Waals interaction). The interplay between these
two types of interactions can usually lead to intriguing
quantum phenomena at both two-body and many-body
levels. A well-known example is that, when the DDI is
near a shape resonance [16], a small hard-core SRI can
significantly shift the location of this resonance [17, 18].
In this paper we consider the opposite case where the
DDI is away from shape resonances, and furthermore
the low-energy scattering amplitude for the SRI is much
smaller than the characteristic length of the DDI (“dipole
length”) . The scattering amplitude of atoms in this sys-
tem can be calculated with exact numerical calculation
[16, 19]. Nevertheless, in many previous analytical stud-
ies in this subject, the contribution of the DDI to the
low-energy scattering amplitude is often calculated with
the first-order Born approximation (FBA), under which
the interplay between the SRI and the DDI is ignored
[19–26].
In our investigation we calculate the low-energy scat-
tering amplitude with the distorted-wave Born approxi-
mation [27–29] (DWBA), which is the accurate first-order
approximation of the DDI. In the expression of the scat-
tering amplitude given by the DWBA, there is one term
which describes the DDI-SRI interplay (i.e., the SRI-
induced effect for the inter-dipole scattering). This term
is ignored by the FBA. We find that for the scattering of
two ultracold bosonic dipoles, this term is negligible and
the FBA works very well, provided that the s-wave scat-
tering length of the SRI is much smaller than the dipolar
length and the effects of the SRI in the high partial-wave
channels can be neglected. Nevertheless, for the scatter-
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ing of two fermionic dipoles, when the p-wave scattering
volume of the SRI is large enough, the SRI-DDI interplay
can be very important even if the scattering amplitude
for the SRI itself is much smaller than the dipolar length.
In such system the SRI-DDI interplay can significantly
modify the low-energy scattering amplitude. Further-
more, this effect can occur for arbitrary small dipole mo-
ment. We also find a similar effect in the systems where
the SRI is strong in the d-wave channel. The analytical
expressions for the SRI-modified scattering amplitudes
are obtained for all of these systems.
Our results are helpful for the study of ultracold dipo-
lar gases. In particular, for the theoretical research on ul-
tracold dipolar fermions, our analytical expression for the
modified scattering amplitude is useful for the construc-
tion of a correct effective two-body interaction. More-
over, our results also reveal the possibility of controlling
DDI via a weak SRI.
This paper is organized as follows. In Sec. II, we derive
the scattering amplitude of two polarized dipoles with the
DWBA. With the help of this result, we discuss the SRI-
induced effects for the inter-dipole scatterings in ultra-
cold dipolar bosonic gases with weak SRI and ultracold
fermionic dipolar gases in Secs. III and IV, respectively.
In Sec. V we consider ultracold bosonic dipoles with
a SRI which has strong effects in the d-wave channel.
In Sec. VI there are some conclusions and discussions.
We describe some details of our calculations in the ap-
pendixes.
II. SCATTERING AMPLITUDE GIVEN BY
THE DWBA
A. Scattering amplitude
We consider the scattering of two dipoles polarized
along the z-direction. The Hamiltonian for the relative
motion is given by
H =
p2
2µ
+ Vsr(r) + Vd(r), (1)
2where p is the inter-dipole relative momentum, r is the
relative coordinate, µ is the reduced mass, while Vsr and
Vd are potentials for SRI and DDI, respectively. For sim-
plicity, we assume that Vsr is isotropic. The DDI poten-
tial Vd(r) is given by (2µ = ~ = 1)
Vd(r) = 2ad
(1− 3 cos2 θr)
r3
, (2)
where θr is the angle between r and the z-axis (polar
angle of r), and ad = d1d2/2 is the dipolar length, with
dj the dipole moment of the j-th dipole.
In this paper we consider the systems where the dipole
moments are weak enough, so that in the calculations
of the scattering amplitudes we only need to keep terms
up to the first order of Vd. On the other hand, in many
systems the intensities of the SRI are very strong (for
instance, the depth of the SRI between ultracold atoms
can be as large as 1014Hz [30]). As a result, the SRI
cannot be treated as a perturbation. Thus, in our calcu-
lation we treat Vsr non-peturbatively. Such treatment is
the DWBA [27–29]. The scattering amplitude given by
the DWBA can be expressed as [28, 29]
f(ki,kf ) = fsr(ki,kf )− 2pi2〈s(−)kf |Vd|s
(+)
ki
〉, (3)
where ki and kf are incident and outgoing momenta,
respectively. Due to energy conservation, they satisfy
|ki| = |kf | = k. Here fsr(ki,kf ) is the exact scattering
amplitude for Vsr, while |s(+)k 〉 and |s(−)k 〉 are the outgoing
and incoming scattering states for Vsr, respectively.
To investigate the SRI-DDI interplay, we re-express the
scattering amplitude given by the DWBA as
f(ki,kf ) = fsr(ki,kf )− 2pi2〈kf |Vd|ki〉+ g(ki,kf ), (4)
where |k〉 is the plane-wave eigenstate of the relative mo-
mentum operator with eigen-value k. Here the amplitude
−2pi2〈kf |Vd|ki〉 is contributed by the matrix element of
the dipole-dipole interaction in the plane-wave basis. The
remaining term
g(ki,kf ) = −2pi2
(
〈s(−)
kf
|Vd|s(+)ki 〉 − 〈kf |Vd|ki〉
)
(5)
is given by the difference between the scattering state
|s(±)
k
〉 for Vsr and the plane wave |k〉. This term de-
scribes the SRI-DDI interplay or the SRI-induced effect
for dipole-dipole scattering.
In the FBA, which is widely used in the research on
ultracold gases with weak dipolar interactions, the am-
plitude g(ki,kf ) is neglected. As a result, the scattering
amplitude is approximated as
fFBA(ki,kf ) = fsr(ki,kf )− 2pi2〈kf |Vd|ki〉. (6)
In this paper, we carefully investigate the importance and
behavior of g(ki,kf ), and the validity of the FBA.
B. Partial-wave expansion
To understand the problem more clearly, we perform
partial-wave expansion for the total scattering amplitude
f(ki,kf ) in Eq. (4):
f(ki,kf ) = 4pi
∑
l,l′,m
F
(m)
l,l′ (k)Y
m
l′ (kˆf )Y
m
l (kˆi)
∗, (7)
where kˆ = k/|k| is the unit vector along the direction
of k, and Y ml is the spherical harmonic of degree l and
order m. Here F
(m)
l,l′ (k) is the generalized partial-wave
scattering amplitude, and can be expressed as
F
(m)
l,l′ (k) = F
(sr)
l (k)δl,l′ + P
(m)
l,l′ +G
(m)
l,l′ (k), (8)
with F
(sr)
l (k) the l-th partial-wave scattering amplitude
for Vsr. In Eq. (8) the k-independent parameter P
(m)
l,l′
and the function G
(m)
l,l′ (k) are the partial-wave compo-
nents of −2pi2〈kf |Vd|ki〉 and g(ki,kf ), respectively, and
satisfy the relations
− 2pi2〈kf |Vd|ki〉 = 4pi
∑
l,l′,m
P
(m)
l,l′ Y
m
l′ (kˆf )Y
m
l (kˆi)
∗ (9)
and
g(ki,kf ) = 4pi
∑
l,l′,m
G
(m)
l,l′ (k)Y
m
l′ (kˆf )Y
m
l (kˆi)
∗. (10)
It is clear that, the generalized partial-wave scattering
amplitude given by FBA is
F
(m)
FBA(l,l′)(k) = F
(sr)
l (k)δl,l′ + P
(m)
l,l′ . (11)
Comparing Eq. (11) to Eq. (8), we know that the SRI-
induced effect or SRI-DDI interplay for the partial-wave
scattering is described by the amplitude G
(m)
l,l′ (k).
In the following sections, we investigate the magnitude
of G
(m)
l,l′ (k) for ultracold gases of polarized bosonic and
fermionic dipoles. To this end, we first re-express P
(m)
l,l′
and G
(m)
l,l′ (k) as
P
(m)
l,l′ = adD
(m)
l,l′
∫ ∞
0
1
r
jl(kr)jl′ (kr)dr (12)
and
G
(m)
l,l′ (k) = adD
(m)
l,l′ ×∫ ∞
0
1
r
[φ
(+)
l (k, r)φ
(+)
l′ (k, r) − jl(kr)jl′ (kr)]dr, (13)
where D
(m)
l,l′ is defined as
D
(m)
l,l′ = 2i
(l−l′)
∫
drˆ(3 cos2 θr − 1)Y ml′ (rˆ)∗Y ml (rˆ). (14)
3Here jl(z) is the l-th order regular spherical Bessel func-
tion, φ
(+)
l (k, r) is the short-range radial scattering wave
function in the l-th partial-wave channel, and satisfies
〈r|s(+)
k
〉 =
√
2
pi
∑
l,m i
lφ
(+)
l (|k|, r)Y ml (rˆ)Y ml (kˆ)∗, with |r〉
the eigen-state of inter-dipole relative coordinate opera-
tor with eigen-value r. In the derivation of Eq. (13), we
have used the fact 〈r|s(−)
k
〉 = 〈r|s(+)
−k
〉∗, which is due to
the boundary conditions satisfied by |s(±)
k
〉.
Equation (13) shows that the magnitude of G
(m)
l,l′ (k)
is determined by the difference between the short-range
scattering wave function φ
(+)
l(l′)(k, r) and the free wave
function jl(l′)(kr) in the l-th (l
′-th) partial wave chan-
nels. In the following two sections, for simplicity, we as-
sume that the SRI effects in high-partial-wave channels
are very weak. Accordingly, in the following two sections
we only consider the effects induced by the difference
between φ0(k, r) and j0(kr) for dipolar bosons, and the
effects from the difference between φ1(k, r) and j1(kr)
for dipolar fermions. In Sec. V we will consider a sys-
tem where the difference between φ
(+)
2 (k, r) and j2(kr)
cannot be neglected.
III. SRI-INDUCED EFFECTS FOR BOSONIC
DIPOLES
In this section we consider an ultracold gas of polar-
ized bosonic dipoles. As shown above, we only consider
the effect given by the difference between φ0(k, r) and
j0(kr). Therefore, terms G
(m)
l,l′ (k) are non-zero only for
(l, l′) = (0, 2) or (2, 0). It is also easy to prove that
G
(0)
0,2(k) = G
(0)
2,0(k). Thus, the SRI-induced effect for
inter-dipole scattering is completely described by the am-
plitude G
(0)
0,2(k).
With a straightforward calculation based on Eq. (13)
(appendix A) , we obtain
G
(0)
0,2(k) =
ad
3
√
5
ka
(ika+ 1)
, (15)
where a is scattering length of the SRI. Furthermore,
the amplitude P
(0)
0,2 contributed by the FBA is P
(0)
0,2 =
−ad/(3
√
5). Therefore, G
(0)
0,2(k) is comparable to P
(0)
0,2
only when ka → ∞. In this limit the SRI-induced ef-
fect is significant. On the other hand, when the s-wave
scattering length a is comparable to or smaller than the
dipolar length ad, and the inter-atomic momentum k is
much smaller than 1/ad, we have |ka| << 1. According
to Eq. (15), in this case G
(0)
0,2(k) is much smaller than
P
(0)
0,2 , and can be safely neglected. In these systems the
FBA is a very good approximation. This conclusion is
also supported by Fig. 1, where the behaviors of P
(0)
0,2
and G
(0)
0,2(k) for systems with different scattering lengths
are illustrated.
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FIG. 1. (color online) The amplitudes P
(0)
0,2 (black solid line)
and G
(0)
0,2(k) in ultracold gas of bosonic dipoles with short-
range scattering length a = 0.1ad (blue circles), a = ad (red
triangles) and a = 3ad (green squares).
IV. SRI-INDUCED EFFECTS FOR FERMIONIC
DIPOLES
A. “Fast-decay” type SRI
Now we investigate the SRI-induced effects for the
scattering of two identical fermionic dipoles. We first
assume that the SRI potential Vsr(r) is a “fast-decay”
type potential, which decreases faster than every power
of 1/r as r→∞ and becomes negligible when r is larger
than a characteristic distance b. In our system the SRI-
induced term G
(m)
l,l′ (k) can be obtained with an numeri-
cal calculation based on Eq. (13). Furthermore, in the
low-energy limit where the short-range p-wave scattering
amplitude can be approximated as F
(sr)
1 (k) = −vk2, with
v the scattering volume of the SRI [31], we can obtain an
approximate analytical expression for G
(m)
l,l′ (k) (appendix
B) with the help of the effective-range theory [29]:
G
(m)
1,1 (k) ≈ ad
v2k2
r4a
λm, (16)
G
(m)
l,l′ (k) ≈ 0, for (l, l′) 6= (1, 1). (17)
Here λ0 = 2/5 and λ±1 = −1/5. ra is a k-independent
parameter determined by the short-range detail of Vsr(r).
It is defined as
ra =
[
b−4 +
∫ b
0
β (r)
2
r
dr
]−1/4
, (18)
where β(r) is the k-independent real function which satis-
fies φ1(k, r) ∝ F (sr)1 (k)β(r)/k for r ≪ 1/k (appendix B).
Equation (16) yields that the generalized partial-wave
scattering amplitude modified by the SRI-induced am-
4plitude G
(m)
l,l′ (k) is
F
(m)
1,1 (k) ≈ −vk2 + ad
(
1 +
v2k2
r4a
)
λm. (19)
Here we have also used the fact that P
(m)
1,1 = adλm.
Equations (16) and (19) show that, when the scattering
energy is exactly zero, i.e., k = 0, we have G
(m)
1,1 (k = 0) =
0 and thus the total scattering amplitude F
(m)
1,1 equals to
F
(m)
FBA(1,1) from the FBA. However, for the cases with fi-
nite incident momentum k, F
(m)
1,1 (k) is modified by the
SRI-induced scattering amplitude G
(m)
1,1 (k). In particu-
lar, when |v| ≫ r4a/ad, G(m)1,1 (k) is much larger than the
short-range scattering amplitude −vk2, and dominates
the variation of F
(m)
1,1 (k) with k. In that case the increas-
ing of F
(m)
1,1 (k) with k is significantly enhanced by such
SRI-induced term.
This SRI-induced effect is important in systems where
|v| is much larger than both r4a/b and r4a/ad. In these sys-
tems, when k is of the same order of magnitude as r2a/|v|
[32], we have |v|k2 ∼ r4a/|v| ≪ ad and v2k2/r4a ∼ 1.
These facts yield |G(m)1,1 (k)| ∼ |P (m)1,1 | and |F (sr)1 (k)| <<
|P (m)1,1 |. Namely, the SRI-induced amplitude G(m)1,1 (k) is
comparable to the term P
(m)
1,1 given by the FBA, while the
short-range scattering amplitude F
(sr)
1 (k) is much smaller
than P
(m)
1,1 . As a result, the FBA is no longer applicable,
although the short-range scattering amplitude is negligi-
bly small.
In Fig. 2 we illustrate the above SRI-induced effect
with a simple square-well model of Vsr, i.e.,
Vsr(r) =
{
−V0 for r < b;
0 for r > b.
(20)
In this model the scattering volume v is determined by
the depth V0 of the square well. We calculate the DWBA
scattering amplitude F
(m)
1,1 with both Eqs. (8, 13), and
Eq. (19). For comparison, we also calculate the scatter-
ing amplitude F
(m)
FBA(1,1) from the FBA, and the short-
range scattering amplitude F
(sr)
1 . In our calculations we
take ad = 0.05b. As shown in Fig. 2, the FBA works
very well when the scattering volume v is small. Nev-
ertheless, when v is large, F
(m)
1,1 significantly differs from
F
(m)
FBA(1,1), although the short-range scattering amplitude
F
(sr)
1 is still negligible. Furthermore, it is also shown that
our analytical expression (19) is always a good approxi-
mation for F
(m)
1,1 . For this system we also calculate the
amplitudes G
(m)
1,3 (k) and G
(m)
3,1 (k). The calculation shows
that, as predicted in Eq. (17), when F
(sr)
1 . ad these am-
plitudes are 3 orders of magnitude smaller than P
(m)
1,3 and
P
(m)
3,1 from the FBA, and thus can be safely neglected.
Here we also point out that Eq. (19) can be rewritten
as
F
(m)
1,1 (k) ≈ −v(m)eff k2 + P (m)l,l′ , (21)
where
v
(m)
eff = v −
adλm
r4a
v2. (22)
With this result, the effect from the amplitude G
(m)
1,1 (k)
can also be understood as “DDI-induced modification of
the scattering volume”. Namely, due to the DDI-SRI in-
terplay, the effective scattering volume of the two dipoles
is shifted from v to v
(m)
eff , which depends on the quan-
tum number m for the relative angular momentum along
the z-direction. In previous works people have studied
the variation of scattering volume by DDI in the close
channel of a p-wave Feshbach resonance [33]. Since our
calculation is based on a single-channel model, the shift
of the scattering volume we study here is due to the DDI
in the open channel.
B. “van der Waals type” SRI
Now we consider the case where the SRI is a “van der
Waals type potential”, which has the behavior −β46/r6
when r is larger than a distance c. Here we assume
both β6 and c are much smaller than 1/k. In this case,
the effective-range theory cannot be used to study the
scattering problem for Vsr [34]. As a result, we cannot
use analytical techniques to derive approximate expres-
sions for the scattering amplitudes. Thus, we study the
SRI-induced effect via direct numerical calculation for
F
(m)
1,1 (k) with Eq. (8). In our calculation we consider
the limit c→ 0. In such a limit the scattering-state wave
function 〈r|s(±)
k
〉 is the superposition of the incident plane
wave and the exact solutions of the p-wave Schro¨dinger
equation with van der Waals potential, which is analyti-
cally obtained by Bo Gao in Ref. [35]. The superposition
coefficient is determined by the scattering volume of the
system [34].
In Fig. 3 we show our numerical results for the scat-
tering amplitude F
(m)
1,1 (k) given by the DWBA and the
F
(m)
FBA(1,1)(k) given by the FBA, and the short-range
scattering amplitude F
(sr)
1 . In our calculation we take
ad = 0.05β6. It is shown that, in our system the am-
plitude G
(m)
1,1 (k) can also be significantly large when the
p-wave scattering volume is large enough. In these cases
F
(m)
1,1 (k) cannot be approximated as F
(m)
FBA(1,1)(k), even if
F
(sr)
1 is much smaller than ad.
Furthermore, we are surprised to find that our nu-
merical result also agrees very well with expression (19)
with ra = 0.4845β6 (Fig. 3). This fact implies that,
although Eq. (19) is derived for the system with fast-
decay type SRI, it can still be used to describe the scat-
tering amplitude for the system with van der Waals type
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FIG. 2. (color online) Scattering amplitudes (SFs) for ultracold fermions with square-well-type SRI. Here we plot the DWBA
scattering amplitude F
(m)
1,1 given by Eqs. (8, 13) (red squares for m = 0 and red circles for m = ±1), F
(m)
1,1 given by Eq. (19)
(black solid line for m = 0 and black dashed line for m = ±1), the FBA scattering amplitude F
(m)
FBA(1,1) (blue triangles for m = 0
and blue diamonds for m = ±1), and the short-range scattering amplitude F
(sr)
1 (black dashed-dotted line). The scattering
amplitudes are plotted as functions of incident momentum k for the cases with scattering volume v = 2b3 (a), v = 27.5b3 (b)
and v = −20.4b3 (c), and as functions of scattering volume for the case with k = 0.01/b (d). Here we only plot real part of
the scattering amplitudes, because in the parameter regions of these figures the value of the imaginary parts of the scattering
amplitudes are at least 3 orders of magnitude smaller than the real parts, and thus can be neglected.
SRI. Nevertheless, in the current system ra becomes a
k-independent fitting parameter.
The SRI-induced effect we discussed above can be
experimentally observed via the measurement of scat-
tering cross sections of ultracold fermionic dipoles.
In Fig. 4 we illustrate the total cross section
σ ≡ ∫ dkˆidkˆf |fF (ki,kf )|2/4pi, where fF (ki,kf ) =
[f(ki,kf ) − f(ki,−kf )]/
√
2, for ultracold fermonic
dipoles with van der Waals type SRI with ad = 0.05β6.
It is shown that, when the scattering volume of the SRI is
large enough, the scattering cross section is significantly
enhanced by the SRI-induced effect.
V. SRI-INDUCED EFFECTS FOR BOSONIC
DIPOLES WITH A STRONG D-WAVE SRI
In above two sections, we have neglected the dif-
ference between the short-range scattering wave func-
tion φ
(+)
l (k, r) and the free wave function jl(kr) in high
partial-wave channels. Such approximation is applica-
ble when the low-energy short-range scattering effects in
these channels are very weak. In this section we consider
the ultracold bosonic dipoles with a “fast-decay”-type
SRI which has strong effect in the d-wave channel. For
such a system, both the difference betwen φ
(+)
0 (k, r) and
j0(kr) and the difference between φ
(+)
2 (k, r) and j2(kr)
should be taken into account. We find that, under par-
ticular conditions, the generalized partial-wave scatter-
ing amplitudes F
(m)
2,2 (k) and F
(m)
2,0 (k) can differ from the
result given by FBA even when k = 0.
According to the effective range theory, for a “fast-
decay” type SRI the low-energy d-wave scattering ampli-
tude F
(sr)
2 (k) is given by
F
(sr)
2 (k) =
−1
ik + 1wk4 +
1
s∗k2
+ 1u
, (23)
with parameters w, s∗ and u determined by the details of
the SRI. In this section we consider the systems where s∗
and u have the same order of magnitude as b. For these
systems, with direct calculations (appendix C) we find
that the SRI-induced amplitudes can be approximately
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FIG. 3. (color online) Scattering amplitudes (SFs) for sys-
tems with van der Waals type SRI. Here we plot scattering
amplitudes as functions of k for the case with scattering vol-
ume v = −46β36 (a), and as functions of 1/v for the case with
k = 0.01β6 (b). The black solid line and dashed line are F
(m)
1,1
from Eq. (19) with ra = 0.4845β6 . All other symbols have
the same definitions as in Fig. 2. Here we also neglect the
imaginary parts of the scattering amplitudes, which are at
least 3 orders of magnitude smaller than the real parts.
expressed as
G
(m)
2,2 (k) ≈ ad
[
3
2
F
(sr)
2 (k)
2
r6bk
4
+
2
5
F
(sr)
2 (k)
b
]
D
(m)
2,2 ; (24)
G
(m)
2,0 (k) ≈ ad
[
F
(sr)
2 (k)
rc(k)3k2
+
F
(sr)
0 (k)F
(sr)
2 (k)
kb3
]
, (25)
G
(m)
0,2 (k) = G
(m)
2,0 (k), and G
(m)
l,l′ (k) ≈ 0 for (l, l′) 6= (2, 2),
(2, 0) and (0, 2). Here the parameters D
(m)
2,2 and D
(m)
2,0 are
defined in Eq. (14). The ranges rb and rc(k) are defined
as rb = (b
−6 + 23
∫ b
0
β2(r)
2/rdr)−1/6 and rc(k) = (b
−3 +∫ b
0 φ
(+)
0 (k, r)β2(r)/rdr)
−1/3 , respectively, with function
β2(r) satisfying φ
(+)
2 (k, r . b) = F
(sr)
2 (k)β2(r)/k
2.
Using Eq. (23) and Eqs. (24) and (25), we find that
when w = ∞ the SRI-induced amplitudes G(m)2,2 (k) and
G
(m)
2,0 (k) are non-zero in the zero-energy limit k = 0, i.e.,
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FIG. 4. (color online) Total scattering cross section of two
fermionic dipoles with van der Waals tpye SRI. Here we illus-
trate the cross section from the numerical calculation based
on the total scattering amplitude f in Eq. (7), with F
(m)
1,1
given by Eqs. (8) and (13) (red circles), and Eq. (19) with
ra = 0.4845β6 (black solid line), as well as and the cross sec-
tion given by F
(m)
FBA(1,1) (blue dashed line). We also plot the
scattering cross section for the SRI itself (black dashed-dotted
line). The cross sections are plotted as functions of incident
momentum k for the case with v = 44.6β36 (a), and as func-
tions of 1/v for the case with k = 0.01β6 (b).
we have
G
(m)
2,2 (k = 0) ≈
3ad
2r6b
s2∗D
(m)
2,2 ; (26)
G
(m)
2,0 (k = 0) ≈
ads∗
rc(0)3
D
(m)
2,0 . (27)
Therefore, when w = ∞, the SRI-induced amplitudes
G
(m)
2,2 and G
(m)
2,0 can significantly modify the generalized
parital-wave scattering amplitudes F
(m)
2,2 and F
(m)
2,2 in the
zero-energy limit, although in this limit the d-wave scat-
tering amplitude F
(sr)
2 of the SRI is exactly zero. It is
pointed out that, this effect does not occur in the sys-
tems we discussed in the above two sections. According
to Eqs. (15) and (16), in these systems, when the short-
range scattering amplitudes are exactly zero (i.e., a = 0
or k = 0), the amplitudes G
(m)
0,2 , G
(m)
2,0 and G
(m)
1,1 are also
zero. As a result, the DWBA and the FBA give the same
scattering amplitudes.
When w is finite, we have G
(m)
2,2 (k = 0) = G
(m)
2,0 (k =
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FIG. 5. (color online) Scattering amplitudes (SFs) for bosons with square-well-type SRI. Here we consider the cases with
w = ∞ (a, b) and w = 2.2 × 104b5 (c, d). For each case we plot F
(0)
2,2 and F
(0)
2,0 obtained from the numerical calculations
based on Eqs. (8) and (13) (red circles), and the calculation based on the approximated expressions (24) and (25) (black solid
line below the red circles), as well as the results from the FBA (blue dashed lines). We also illustrate the d-wave short-range
scattering amplitude F
(sr)
2 (black dashed-dotted line). Here we also neglect the imaginary parts of the scattering amplitudes,
which are at least 6 orders of magnitude smaller than the real parts.
0) = 0. Thus, when k = 0, the scattering amplitude
given by the DWBA equals to the one from the FBA.
Nevertheless, when k is finite and w is much larger than
b5, the SRI-induced amplitudes G
(m)
2,2 (k) and G
(m)
2,0 (k) can
still be significantly large even if F
(sr)
2 (k) is much smaller
than the dipolar length ad. This effect is quite similar to
the one we discussed in the above section.
In Fig. 5 we illustrate the above SRI-induced effects
with the square-well model of Vsr. It is clearly shown
that when w =∞, the total scattering amplitudes differ
from the results given by the FBA in both the cases with
k = 0 and k 6= 0. When w takes a large finite value,
the FBA works well when k = 0, while the SRI-induced
effects can be significant when k is finite.
VI. CONCLUSIONS AND DISCUSSIONS
In this work we investigate the interplay of SRI and
DDI in the scattering of two polarized weak dipoles. We
show that this interplay can be safely neglected for ul-
tracold bosonic dipoles when the scattering length of the
SRI is much smaller than the dipolar length ad, and the
effects of SRI in high partial-wave channels are negli-
gible. Nevertheless, for ultracold fermionic dipoles with
large scattering volume, or ultracold bosonic dipoles with
a strong “fast-decay” type SRI in the d-wave channel, the
SRI-DDI interplay is important even when the scattering
amplitude for the SRI is much smaller than ad. In these
systems the FBA is not applicable. We find analytical ex-
pressions for the scattering amplitudes of these systems.
With these expressions one can construct appropriate ef-
fective interaction potentials in the many-body effective
Hamiltonians.
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Appendix A: SRI-induced amplitudes for bosonic
dipoles
In this appendix we prove Eq. (15) in Sec. III of our
main text. According to Eq. (13), the amplitude G
(0)
0,2(k)
is given by G
(0)
0,2(k) = I1 + I2, where
I1 = −4ad√
5
∫ b
0
1
r
[φ
(+)
0 (k, r)φ
(+)
2 (k, r) − j0(kr)j2(kr)]dr;
(A1)
I2 = −4ad√
5
∫ ∞
b
1
r
[φ
(+)
0 (k, r)φ
(+)
2 (k, r) − j0(kr)j2(kr)]dr,
(A2)
with b the range of the SRI. Here we have used the fact
D
(0)
0,2 = −4/
√
5.
As shown in Sec. II of our main text, we neglect the dif-
ference between φ
(+)
l (k, r) and jl(kr) with l > 0. There-
fore, in above equations we can replace φ
(+)
2 (k, r) with
j2(kr). Furthermore, in the realistic systems of ultracold
dipolar gases, the integration I1 for the wave functions
in the region r < b can be neglected. Thus, the func-
tion G
(0)
0,2(k) can be approximated as G
(0)
0,2(k) ≈ I2. In
addition, in the region r > b the s-wave scattering wave
function φ
(+)
0 (k, r) can be expressed as φ
(+)
0 (k, r > b) =
j0(kr)+kF0(k)e
ikr , with F0(k) the s-wave scattering am-
plitude for the SRI. Therefore, we have
G
(0)
0,2(k) ≈ I2 = −
2d2√
5
∫ ∞
b
1
r
kF0(k)e
ikrj2(kr)dr. (A3)
For ultracold gases with k ≪ 1/b, we can approximate
the lower limit b of the integration in above equation as
zero. Under this approximation and the relation F0(k) =
−1/[ik + 1/a], with a the scattering length, we get Eq.
(15) in our main text.
Appendix B: SRI-induced amplitudes for fermionic
dipoles
In this appendix we calculate the SRI-induced ampli-
tude G
(m)
l,l′ (k) for fermionic dipoles with a “fast-decay”
type SRI, and prove Eq. (16) in our main text. Accord-
ing to the effective-range theory [29], we have
F
(sr)
1 (k) = −
1
ik + 1vk2 +
1
reff
, (B1)
where v is the scattering volume and reff is the effec-
tive range. Here we assume reff is of the same order of
magnitude as b. In our calculation we consider the low-
enegy limit where k is much smaller than both 1/b and
√
|reff/v|. In this limit the p-wave short-range scattering
amplitude given by Eq. (B1) can be approximated as
F
(sr)
1 (k) = −vk2.
As shown in Sec. II, for ultracold dipolar fermions we
only consider the amplitudes induced by the difference
between φ1(k, r) and j1(kr), i.e., the amplitudes G
(m)
1,1 (k),
G
(m)
3,1 (k), andG
(m)
1,3 (k). Since Vsr is negligible in the region
r > b, in this region we have
φ
(s)
1 (k, r) ≡ φ(+)1 (k, r)− j1(kr)
= −iF
(sr)
1 (k)
r
(
1 +
i
kr
)
eikr . (B2)
On the other hand, Eq. (13) in our main text yields
G
(m)
1,1 (k) = adD
(m)
1,1 (α1 + α2 + α3) , (B3)
where
α1 =
∫ ∞
b
φ
(s)
1 (k, r)
2 1
r
dr
+2
∫ ∞
b
φ
(s)
1 (k, r)j1 (kr)
1
r
dr; (B4)
α2 = −
∫ b
0
j1 (kr)
2 1
r
dr; (B5)
α3 =
∫ b
0
φ
(+)
1 (k, r)
2 1
r
dr. (B6)
Using Eq. (B2), we directly obtain
α1 = 8piad
[
F
(sr)
1 (k)
2
4b4k2
+
2
3
F
(sr)
1 (k)
b
]
. (B7)
In addition, since kb ≪ 1, |α2| is much less than unit.
Therefore, in G
(m)
1,1 (k) the contribution given by α2 are
much smaller than P
(m)
1,1 = adD
(m)
1,1 /4, and thus can be
neglected.
The factor α3 can be calculated as following. It is clear
that φ
(+)
1 (k, r) satisfies the radial Schro¨dinger equation(
−1
r
d2
dr2
r +
2
r2
+ Vsr
)
φ
(+)
1 (k, r) = k
2φ
(+)
1 (k, r) (B8)
with the boundary condition φ
(+)
1 (k, 0) = 0. When
r ≪ 1/k, one can neglect the term k2φ(+)1 (k, r) in this
equation and thus obtain φ
(+)
1 (k, r) = α(k)β(r), where
β(r) is a k-independent real function. On the other hand,
using the facts b ∼ reff and kb≪ 1 we find that, when r
is both larger than b and of the same order of magnitude
as b (e.g., r = 2b), we have
φ
(+)
1 (k, r) = j1(kr) − i
F
(sr)
1 (k)
r
(
1 +
i
kr
)
eikr
≈ F
(sr)
1 (k)
k
(
1
r2
+
k2
2
+
ik3r
3
+
k2r
3F
(sr)
1 (k)
)
.
(B9)
9The fact k ≪ 1/b yields k2/2≪ 1/r2 and k3r/3≪ 1/r2.
These results and F
(sr)
1 (k) = −vk2 imply
φ
(+)
1 (k, r) ≈
F
(sr)
1 (k)
k
(
1
r2
− r
3v
)
. (B10)
Therefore, we have α(k) = F
(sr)
1 (k)/(2k), and thus
α3 = 8piad
(
F
(sr)
1 (k)
2k
)2 ∫ b
0
β (r)
2
r
dr. (B11)
Using the above results for α1,2,3, we obtain
G
(m)
1,1 (k) = adD
(m)
1,1
[
v2k2
4r4a
− 2vk
2
3b
]
, (B12)
where the length ra is defined as
ra =
[
1
b4
+
∫ b
0
β (r)
2
r
dr
]−1/4
. (B13)
It is clear that we have ra . b. Here we have used the
fact that F
(sr)
1 (k) = −vk2.
We can calculate G
(m)
(1,3)(k) and G
(m)
(1,3)(k) with the sim-
ilar approach as above. These calculations give
G
(m)
(1,3)(k) = G
(m)
(1,3)(k) = adD
(m)
1,3 (β1 + β2), (B14)
where
β1 =
i
36
kF
(sr)
1 (k), (B15)
β2 =
1
105
(
F
(sr)
1 (k)k
2
) ∫ b
0
β (r) r2dr. (B16)
Here we have neglected the terms which is much smaller
than P
(m)
1,3 = P
(m)
3,1 = adD
(m)
1,1 /36.
Furthermore, in the low-enegy limit k ≪
√
|reff/v| we
have ∣∣∣∣vk2b
∣∣∣∣≪ ∣∣∣reffb
∣∣∣ ∼ 1 (B17)
and
|kF (sr)1 (k)| ∼ |vk3| ≪ |reffk| ∼ |kb| ≪ 1, (B18)
which yields
adD
(m)
1,1 |
2vk2
3b
| ≪ P (m)1,1 , |adD(m)1,3 β1| ≪ P (m)1,3 .
(B19)
In addition, in the practical cases, the short-range in-
teraction potentials Vsr between ultracold dipolar atoms
or molecules are deep potential wells. As a result, in
the region r < b, the low-energy wave function β(r) is
a rapid oscillating function with small amplitude. Here
we estimate the upper limit of |β2| as | 1105Fp (k)
∫ b
0
r2dr| ·
|β (r ∼ b) |. Using the facts |β(r ∼ b)| . | 1b2 | + | b3v | and
kb≪ 1, we find that in the low-energy limit we have
|adD(m)1,3 β2| ≪ P (m)1,3 . (B20)
Using Eqs. (B19, B20), we find that in the low-energy
limit Eqs. (B12, B14) can be simplified as
G
(m)
1,1 (k) ≈ ad
v2k2
r4a
λm, G
(m)
1,3 (k) = G
(m)
3,1 (k) ≈ 0,
(B21)
with λm = 8/5 for m = 0 and λm = −4/5 for m = ±1.
That is Eq. (16) in Sec. IV.
Appendix C: SRI-induced amplitudes for bosonic
dipoles with a strong d-wave SRI
In this appendix we prove Eqs. (24) and (25) in our
main text. According to the effective-range theory [29],
the d-wave scattering wave function for the “fast-decay”
type SRI satisfies
φ
(+)
2 (k, r > b) = j2(kr) + F
(sr)
2 (k)kh
(+)
2 (k), (C1)
with the scattering amplitude F
(sr)
2 (k) given by Eq. (23).
Here we assume the parameters s∗ and u have the same
order of magnitude as b. In addition, it is clear that
φ
(+)
2 (k, r) satisfies the radial Schro¨dinger equation(
−1
r
d2
dr2
r +
6
r2
+ Vsr
)
φ
(+)
2 (k, r) = k
2φ
(+)
2 (k, r), (C2)
with boundary condition φ
(+)
2 (k, 0) = 0. In the region
r ≪ 1/k, one can neglect the term k2φ(+)2 (k, r) and
thus obtain φ
(+)
2 (k, r) = α2(k)β2(r), where β2(r) is a k-
independent real function. On the other hand, using the
facts that b and s∗ and u are on the same order of magni-
tude and kb≪ 1, we find that when r is both larger than
b and on the same order of magnitude as b (e.g., r = 2b),
we have
φ
(+)
2 (k, r) ≈
F
(sr)
2 (k)
k2
(
3
r3
− r
2
15w
)
. (C3)
Therefore, the funciton α2(k) can be chosen as α2(k) =
F
(sr)
2 (k)/k
2. Namely, we have
φ
(+)
2 (k, r . b) =
F
(sr)
2 (k)
k2
β2(r). (C4)
Substituting Eqs. (C1, C4) into Eq. (13) in our main
text, we can straightforwardly prove Eq. (24) and (25) in
our main text. In addition, we can also obtain G
(m)
2,4 (k) =
G
(m)
4,2 (k) = iadkF
(sr)
2 (k)D
(m)
2,4 /72. Since (s∗, u) ∼ b and
kb << 1, we have F
(sr)
2 (k) << b and thus |kF (sr)2 (k)| <<
1. Therefore, the amplitudes G
(m)
2,4 (k) and G
(m)
4,2 (k) can
be neglected.
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